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B-field of a rotating charged conducting sphere



Presentations:

Electromagnetism: History «  E-field: field energy
Electromagnetism: Electr. topics «  Electromagnetism: integrations
Electromagnetism: Magn. topics «  Electromagnetism: integration elements
Electromagnetism: Waves topics *  Gauss’ Law for a cylindrical charge
Capacitor filling (complete) *  Gauss’ Law for a charged plane
Capacitor filling (partial) *  Laplace’s and Poisson’s Law
Divergence Theorem «  B-field of a thin long wire carrying a
E-field of a thin long charged wire current

E-field of a charged disk « B-field of a conducting charged
E-field of a dipole sphere

E-field of a line of dipoles « B-field of a homogeneously
E-field of a charged sphere charged sphere

E-field of a polarized object
Presentations and programs (free) can be downloaded from: www.demul.net/frits
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B-field of a rotating
charged conducting sphere

Avallable:
| A charged conducting sphere (charge
C% Q, radius R), rotating with @ rad/sec
Question:

Calculate B-field in arbitrary points
Inside and outside the sphere

. on the axis of rotation

l. off-axis

Ad. | : analytical approach possible
Ad. Il : numerical approach needed

B-field of a rowey
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X-axis (rotation symmetry axis) / cm



Analysis, and Symmetry, for-on-axis; (1)

Z Assume P on Z-axis.

Part I. Calculate B-field in point P
on the axis of rotation (Z-axis)
Inside or outside the sphere

(Part Il : points P off-axis )

Coordinate systems:

- XY, Z
= rl&@

Symmetry: around rotation axis.
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Analysis, and Symmetry, for- on-axis; (2)

Conducting sphere,

all charges at surface:
surface charge density:
o =Q/(4nR?) [C/m?]

Rotating charges will establish
a “surface current”,

directed along surface circles.

Surface current density j’ [A/m]:

will be a function of @

B-field of a rotating chargeessomaaem

R B e



Analysis and Symmetry for- on-axis, (3)

Z Biot & Savart : dB:ﬂO I'dljer
5 ar 1,

dB-Ldlande, .
if P = on-axis: dlLe,

Direction of dB:

Cylindrical
P ( symmetry
around Z-axis:
v A Z-comp. only !!
r X- and Y-comp.
O T cancel.

B-field of a rotating charged conducting sphere



Analysis and Symmetry for- on-axis, (4)

Biot & Savart: | dB = I'dljer
dr 1,

dB, dl and e,
mutually perpendicular

Question:
vy P ( How to relate
l.dl (in A.m)
M B to surface current
r density j (in A/m?)
O T

B-field of a rotating charged conducting sphere 8



Intermezzo:- a surface current

|.dl xe
Z' ) _ . dB _ luO r
— O > Blot & Savart: A rP2
dl Current strip at surface:
i’ Jj = current density[A/m]
NB. Density [A/m] =
dl 2\ — > dl current per m width!
\| €
S Pl b 1.dl = db.dl = j”db.dl = j.dA
P Biot & Savart :
dB — :uO j'db'dlxer — /uO jrxer dA
- — 47 r° dr .’

dB 1 dl and e,

B-field of a rotating charged conducting sphere v



Analysis and Symmetry for- on-axis, (4)

Biot & Savart :

dB — luo Jdb'dixer — :uO J Xzer dA
A7 I Az 1,

dB, dl and e,
mutually perpendicular

Needed:

expressions for:

dA, j’, e, Ip

B-field of a rotating charged conducting sphere 10



: : Needed:
Conducting sphere:-onqaxis, (1))  aypressions for:
Ring on surface J, €, Ip

of the sphere. _
_Conducting sphere,

- -
- -

- -_——f— - S=a
- —_———— -——— ~
- -~
- -~

-
- ~<

surface density:

|
|
|
|
|
LY@ N N o =QI(47R?)

/_ s
’@ Surface element:
el / = :
) 1

R.d6.

~
-~
-

R.sind. do

surface element:

Projection of ring on dA = (R.d6).(R.sind. dp)

XY-plane, radius=R sin@ |
-. . tating charged conducting sphere 11
\/’



Conducting sphere: on-axis. (2)) oo

expressions for:
Ring on surface Uy | xe, Jo €y Ip
of the sphere. dB = A t.° IA
P

with j”in [A/m]

-

J

db=R.d&

di=R.sinf.d¢ Syrface charge
o.dA on dA will
rotate with @

dA=db «dl

Q

Q B-field of a rotating charged conducting sphere 12



Conducting sphere;- on-axis. (3),  Needed:

dA,@ e, Ip
R.dO

7 R.sin6.de Ring on surface: area =
21(R.sin6).(Rd6)

-

J

Charge on ring :
o. 2nR.sin@ . Rd @

Full rotation over 2 In 2t/ S.

current: dl = a.2nR.sin6. Rd&/ (2n/ w)
= ocwRsInG.RdE

current density: j'=dl/(Rd6) =
Qa) B-field of a rotating cl j’: owR.sING [A/m]

13




Conducting sphere:- on-axis; (4) Needed:

| dA, r
dB::uojxerdA ]‘P

A rF,2

dA = R.siné. dp.R.d6.

j'=owR sin 6

Jj Le.:

L

=> |j’xe [ =]"1el =J

Q

Q B-field of a rotating charged conducting sphere 14



Conducting sphere:: on-axis, (3) Needed:

jr)(er dA dA,j’, I’P

2

dB — IUO
drr 1,

j'= owR sin @

dA = Rd@ Rsind. do

Cylinder-
symmetry:

Z-components
only !

dB, = dB. cos a
Rsin &

COS o =

rP
@

Q B-field of a rotating charged conducting sphere 15




Conducting sphere:- onraxis; (6) Needed:

dB = Hy j’Xer dA dA, |, er’
2

. 4z T dA = Rdé. Rsiné. do
€ j' = owR sin @
i d@ _______ o oS — Rsin &
, SN BN o
: S AT p
g \ Zp
i U (mpes -
| ol rp?= (R.sing)? +
I //,/ ! O 6 R
... O : R (zp- R.Cc0s8)?
in Rsin @
d%g Iy GRS eRdHRsnédgo

@ I
Q B-field of a rc arm rP p



Conducting sphere:- on-axis. (7)

Lo cm)Rsm@Rngsm o Rsin 6

Z
A7 I‘P rp

dB, =

with r?= (R.sin@)?+ (z,- R.c0s6)?

4, cawR*sin® @
© Arx r‘p3

dé.dep

Integration: 0<@6<m

Q

Q B-field of a rotating charged conducting sphere 17



Conducting sphere:-onraxis; (8)

2TC

TT
owR*sin36 "y
B, — f o f do ZO 3 with:
J J T TP rp2= (R.sind)2+ (z,- R.cosH)?

Set: ~>=q,and: cos#=x , andwith a=1+g? and b=-2q:

+1
21
B, = (a)fl— bx)3/2 b3 |(b — 2a)Va+ b+ (b + 2a)Va — b|

(Set a+bx:y, and express dx and x?-1in dy and y, and integrate...)

Z, <-R

-R<z,<0 ﬂ\
0<z,<R

SN

1

B-field of a rotating charged conducting sphere 18
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Conducting sphere:-on-axis; (9)

_ 2u,00R?

result : B, 25
TP

z

this result holds for z,>R ;

for -R<z,<R the result is:

B, = %,uoaa)R e,

2 11,000R"

and for z,<-R: B, = -
—3.Z
TP

e

Z

B directed along +e, for all points
everywhere on Z-axis !!

insi : ield I
B-field of a rotating charged o |"S10€ Sphere: constant field !!



Conducting sphere:- on-axis; (10)

|:|.|:|5;-
0.04}
0.03}
0.02}

0.014

Conclusion: inside conducting sphere: on-axis: field = constant.

Question: what about the field inside the sphere, but off-axis?

2
B = §H00-O)R ez
2u cwR?
B — Ho e,
/ 3|zp|

0.5

15 2 25 3

Zo/ R

To be investigated in part Il ===>

B-field of a rotating charged conducting sphere

Plot of B for:

Q=1

Ho=1

o =1

R=1

(in Sl-units)

Q =o0.4n R?
20



Conclusions; foy on-axis; (1)

Conducting sphere
lzo| > R 25| <R

£,QwR*? _ 1,Qo
B=-° 3‘ e, B = 6O7ZR €. Q=o0.47R?

Homogeneously charged sphere

(see other presentation)
ze] > R zp] <R

Bzﬂ‘DQa)R2 e, B = HQ (5R2—32 2)6
107z\zp3\ zoﬂR?’ P/

ng chargeereeme



Conclusions for on-axis, (2)

Plot of B

" for:

; / Homogeneously
el charged sphere Q=1

_ < -

' Ho =1
0.0} Conducting sphere o =1

_ R =1
002+

' (in SI-units)

g o5 1 18 2 285 3

B-field of a rotating charged conducting sphere 22



Off-axis: Analysis.and Symmetry; (1)

 Z
Pa_ Part Il. Calculate B-field in point P

off the axis of rotation (Z-axis)

Inside or outside the sphere

Rotation axis (Z-axis) =

= symmetry axis .

Assume P (0, Yp, Zp) In YZ-plane.

Coordinate systems:

- XY, Z
= r’gjgo

B-field of a rotating ¢



Conducting sphere:: off-axis; (1)

Ring on surface 4B = Ao ]'xe

of the sphere. A7 rP2

Q

Q B-field of a rotating charged conducting sphere

“dA with jin [A/mM]

Surface charge

o.dA on dA will
rotate with @

dA = width db -
length dl
Needed:

y j,’ er 1 rP

24



Conducting sphere:: off-axis. (2)

dB —_ UO]’Xer dA_ HO]’erA

At 12 At 1r3

dA =R.d6. Rsind. d(p

N80 j'= R sin 6
Off-axis: j’ not Le, !

J’=j’(-sing.e, + cosp.e, + 0.e,)

r=ro—r, ; A=atdA-element

= (0., +yp.6, +2p€)

r,= R (sind.sing.e, +
@ sing.cose.e, + cos6.e,)

Q B-field of a rotating charged conductii s



Conducting sphere:- off-axis. (2)

dB —_ p-OllxerdA_ UOI’xrdA

At 12 At 1r3

dA =R.d&. R.sind. dgo

Analytical approach:
not feasible

(dueto jxr and rd)
Numerical approach
necessary.

r,= R (sInd.sing.e, +
sing.cose.e, + cos6.e,)

Q
@ B-field of a rotating charged conducti: sz



Conducting sphere:- off-axis; (4)

Available for download on www.demul.net/frits:
offline program: EM solenoids
in file: EM_programs.zzz
on subpage Electromagnetism

This program can calculate:
B- and A-fields for:
 Single solenoids
« Pairs of solenoids
* Dipole fields
 Field of a rotating charged conducting sphere
 and sphere segments

B-field of a rotating charged conducting sphere 27



Examples

1. Rotating charged conducting sphere

Properties:

- Charge=1C
- Radius =5 cm
- Velocity = 1 rad/s = 0.1592 rev./s

NB. Rotation axis = symmetry axis = X-axis;
Fields shown in XY-plane at Z=0.

B-field of a rotating charged conducting sphere

28



Examples
1. Rotating charged conducting sphere: settings:

Options
O Single solenoid X-axis = rotation (symmetry) axis
O Pair of solenoids Sphere radius 5.00

[em] (center in O)

O Dipolar far-field approximation 1.000E+00

Charge

@® Conducting sphere or sphere segment
2 i > Charge density on sphere/

segment: 3.183E+01 C/m~™2

Rotation velocity 1.592E-01
[revolutions/sec]
Idem : 1.000E+00 rad/s

Current density at YZ-equator
plane (X=0): 1.592E+00 A/m

Field pattern Polar angle [deg]:

@ B : Field line vectors min: 0.00 mane 180.00
O B : Modulus, values Angular interval 2.00

O B : Modulus, squares on sphere [deg]

O B : X-components, values Plot dimensions [cm]

O B : X-components, squares

X left -10.0 X right 10.0
O B : Y-components, values \: =

O B : Y-components, squares Y low -10.0 Y high 10.0
O A : Z-components, values rsisssal 1.0 Eortass (12 =

O A : Z-components, squares (px)
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B -FIELD OF A SPHERE OR SPHERE SEGMENT --- XY-plane at Z=0.

Modulus of B, normalised on B in O (= 1.33371E-06 T)

—3 4 4 5 5 6 6 6 6 6 6 6 6 6 6 6 5 5 4 4 3
4 5 s 6 7 7 8 8 9 9 9 9 9o 8 8 7 7 6 5 5 4
-5 6 7 8 9 10 11 12 12 12 1i2 12 12 12 11 10 9 8 7 6 5
6 7 9 10 12 14 16 17 18 18 1?8 18 18 17 16 14 12 10 9 7 6
- 7 9 11 13 16 20 23 26 28 29 2?9 29 28 26 23 20 16 13 11 9 7
8 10 13 17 22 28 35 42 48 48 25 -48_ 48 42 35 28 22 17 13 10 8
- 9 12 16 22 29 40 55 /52'”100 100 100 100 10‘0“52\_ 55 40 29 22 16 12 9
11 14 19 27 38 56 Hgs/ 100 /100 100 100 100 100 100 \\98\ 56 38 27 19 14 11
- 12 16 22 31 48 76/100 100 100 100 100 100 100 100 100776 48 31 22 16 12
12 17 24 35 55 glzf 100/ 100|100 100 100 |100 100 100 100 92 55 35 24 17 12
—12----17---24----36----58---100 100 | 100|100 100 100 100 100 100 100  100---58----36---24---17---13---
12 17 24 35 55 92 100 100|100 100 100 (100 100 100 10092 55 35 24 17 12
- 12 16 22 31 48 75\“-\100 100 /100 100 100 100 100 100 100,"75 48 31 22 16 12
11 14 19 27 38 56 98 100 100 100 100 100 100 100 (98 56 38 27 19 14 11
L 9 12 16 22 29 40 55 52 100 100 100 100 100 2 55 40 29 2 16 12 9
8 10 13 17 22 28 35 42 48 48— 25 —48~ a8 42 35 28 2 17 13 10 8
- 7 9 11 13 16 20 23 26 28 29 2i9 20 28 26 23 20 16 13 11 9 7
6 7 9 10 12 14 16 17 18 18 18 18 18 17 16 14 12 10 O 7 6
-5 6 7 8 9 10 11 12 12 12 1i2 12 12 12 11 10 9 8 7 6 5
4 5 5 6 7 7 8 8 9 9 9 9 9 8 8 7 7 6 5 5 4
—3 4 4 5 5 6 6 6 6 6 6 6 6 6 6 6 S5 5 4 4 3
T T T R T AN S RO S R E R S TR R
-10 -5 0 5 10

X-axis (rotation symmetry axis) / cm

B-field:
Sphere
rotating
around
X-axis

Inside the
sphere:
homogeneous
field

Field strength
Inside =
1.3337 uT

31



Conducting sphere rotating Expression for a surface

around X-axis : B and A-fields current:
B-field: Cross section of sphere: XY-plane at Z=0: _ Mo jrxey
: dB= £l gy
— ~ Y N~ ™~ A-field: Vector potential:
B=rotA(=curl A
dA= el g4
_— 4t T
—_— Band A
~X perpendicular fields.

i / l For points in XY-plane:
“— B in XY-plane, no Z-component
Inside the sphere: e A L XY-plane, Z-component only.

Homogeneous B-field == > i : : _
: .. . : — For points outside XY-plane:
A-field varies linearly with y-coordinate S :
Cylindrical symmetry around X-axis.

(due to derivatives in rot (curl)
D-1ieiu U1 a 1utauny wiidrged conducting sphere 32
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A -FIELD OF A SPHERE OR SPHERE SEGMENT --- XY-plane at Z=0 --- axes in cm --- X-axis = symmetry axis

A(z)-component, normalized on 100 at A = 1.03353E-09 N/A

— 9 10 12 14 16 18 20 22 24 25 2?5 25 24 22 20 18 16 14 12 10 9
9 11 13 15 18 21 24 27 29 31 3i1 31 29 27 24 21 18 15 13 11 9
- 10 12 14 17 20 24 28 33 36 39 4fo 30 36 33 28 24 20 17 14 12 10
10 12 15 18 23 28 34 40 46 50 5i2 SO 46 40 34 28 23 18 15 12 10
- 10 12 15 19 25 32 41 50 60 68 7b 68 60 S0 41 32 25 19 15 12 10
9 12 15 20 27 36 48 64 81 ,,96~--1(:)0--—96_\§1 64 48 36 27 20 15 12 9
- 8 11 14 19 27 39 56 /81//81 81| 81|81 81‘\\81\_ S6 39 27 19 14 11 8
7 9 12 17 25 38 /61/ 61| 61 61 61 61 61 61 \61_\ 33.25 17 12 9 7
- 5 6 9 13 20 32//41 4141 41| 41 41 41 41 41332 20 13 9 6 5
2 3 8 7 m 1§; 20 20 2020 20 2020 2020 10 11 7 5 3 2
—-0-----0------0-----0-----0-----Offllilolf || lo [ [| (@ [ (| | o| (|10 [|||01| ||| ||| of |||| o[lllllc------O------0----- O-----@-----0----
2 3 -5 7 -1 -.{'9 -20 -20 -20 -20 -20 20 20 -20 -20 -19 -11 -7 -5 -3 -2
L 5 6 -0 -13 20 -32'|-41 41 41 -41 |41 -41 41 -41 -41,"-32 20 -13 9 -6 -5
7 9 -12 -17 -25 -38 -61 -61 61 -61 -61 -61 61 |-61 -61 -38 -25 -17 -12 -9 -7
- -8 -11 -14 -19 -27 -39 -56 \'—81,\—81 -81 -81 -81 —81/_—81/ -56 -39 -27 -19 -14 -11 -8
9 12 -15 20 -27 36 48 64 -81 -06—-100--06 81 64 48 -36 27 20 -15 -12 -0
- -10 -12 -15 -19 25 -32 -41 -50 -60 -68 -7?0 68 -60 -50 -41 -32 -25 -19 -15 -12 -10
10 -12 -15 -18 -23 -28 -34 -40 46 -50 -52 -50 -46 -40 34 -28 -23 -18 -15 -12 -10
- -10 -12 -14 -17 20 24 -28 -33 -36 -39 -40 -39 -36 -33 -28 -24 -20 -17 -14 -12 -10
H i 43 45 48 i 94 37 59 81 Sr 81 99 97 -2 P 48 45 43 i B
— -9 -10 -12 -14 -16 -18 -20 -22 -24 -25 25 25 -24 -22 -20 -18 -16 -14 -12 -10 -9
e I S S|
-10 -5 0 5 10

X-axis (rotation symmetry axis) / cm

A-field:
Sphere
rotating
around
X-axis

A=0 at

rotation

symmetry
axis

33



Examples

2. Rotating charged conducting sphere segment
between 45° and 135° (ring shape)

Properties:
- Charge=1C

- Radius =5cm
- Velocity = 1 rad/s = 0.1592 rev./s

B-field of a rotating charged conducting sphere
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B-field:
Sphere
segment

solenoid field

7

7/

/

=0.

XY-plane at Z

B -FIELD OF A SPHERE OR SPHERE SEGMENT ---
Modulus of B, normalised on B in O (= 1.66729E-06 T)

>
) S ©
(qe] o XX
c o i
Snm.B © -
D= S5 X o 2
SS0° D O
= 2 = . 2
2 R Y Y TS TR A Y A A A
AU U U T I R A A A
NN ANY YUY 727
~SNANANY L
!.///___ﬁmﬂux\\
~NN AL 7 s

-~ .
I S W B L A
— XY vttty -~
e e RN

N
D e e e g
- th Pt x ~ =
A2 7 TTEATTY N N N
2 AN 20 T R R NN
s 707 1 a ) I Y W W
o727 P A I T W NN
s 7 1 P A | I T S NN
/7 1t \ﬂ ) I T W NN

10— \
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X-axis (rotation symmetry axis) / cm

/

!

/
-10

- /S 2/

-10
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B -FIELD OF A 5PHERE OR SPHERE SEGMENT

--- XY-plane at Z=0.
Modulus of B, normalised on B in O (= 1.66729E-06 T)

— 3 4 4 3 ] 6 6 7 7 7 7 7 7 6 6 5 5 4 4 3

4 5 6 6 7 8 9 9 9 9 g 9 9 9 9 8 7 6 6 5 4

— 5 6 7 8 9 11 12 13 13 13 1?3 13 13 13 12 11 9 8 7 6 5

6 7 8 10 12 15 17 19 20 20 2i0 20 20 19 17 15 12 10 8 7 6

- 7 8 10 13 16 21 20 30 32 33 3?3 33 32 30 26 21 16 13 10 8 7

8 10 13 16 22 29 40 50 56 __52 -—*2:8=- 52, 56 50 40 29 22 16 13 10 8

- 9 11 15 20 27 40 o4 /90/ 111 110 110/ 110 11“1&_90\ 64 40 27 20 15 11 9

10 13 17 23 32 47 /75/I 102/ 105 | 106 | 107 106 105/ 102 }\75\ 47 32 23 17 13 10

- 10 14 18 25 35 50/ 70 | 88 |98 102 103 102 98 88 |70 %50 35 25 18 14 10

11 14 19 26 36 5;[; 67|83 94 99 101 99 94 83 I 67 \50 36 20 19 14 11
—11----14----19---27---37---50 66 : 8192/ 98 100 98 |92 |81 : 66 5}0""37""27""19-"'14-"11'-"

11 14 19 26 36 5q 67 |83 |94/ |/99 101 |99 |94 ||83 |67 50 36 26 19 14 11

- 10 14 18 25 35 50\\70 : 88 | 98| 102 103/ 102 98 |88 : 70 //50 35 25 18 14 10

10 13 17 23 32 47 75 \|L 102/ 105 106 | 107 106 |105 102 1/75, 47 32 23 17 13 10

- 9 11 15 20 27 40 o4 \LQOA »}11 110 110/ 110 111’/ 90 ’ 64 40 27 20 15 11 9

8 10 13 16 22 29 40 50 ;E:H 527 2:8' ~52 ‘:"_:/6 50 40 29 22 16 13 10 8

- 7 8 10 13 16 21 20 30 32 33 3?3 33 32 30 26 21 16 13 10 8 7

6 7 8 10 12 15 17 19 20 20 2i0 20 20 19 17 15 12 10 8 7 6

~ 5 6 7 8 9 11 12 13 13 13 1i3 13 13 13 12 11 9 8 7 6 5

4 5 6 6 7 8 9 9 9 9 g 9 9 9 9 8 7 6 6 5 4

— 3 4 4 3 ] 6 6 7 7 7 7 7 7 7 6 6 5 5 4 4 3

| L ] L L | L I B L L

-10 -3 0 ] 10

X-axis (rotation symmetry axis) / cm

B-field:
Sphere
segment
(ring shape)
rotating
around
X-axis

Field already
looks like a
solenoid field
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Examples

3. Rotating charged conducting sphere segment
between 120° and 180° (bowl shape)

Properties:

- Charge=1C
- Radius =5cm
- Velocity = 1 rad/s = 0.1592 rev./s

B-field of a rotating charged conducting sphere

37



=0.
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B -FIELD OF A SPHERE OR SPHERE SEGMENT

--- XY¥-plane at Z=0.

Modulus of B, normalised on B in O (= 8.33341E-07 T)
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B-field:
Sphere
segment
(bowl shape)
rotating
around
X-axis

Field already
looks like a
dipolar field
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the end

B-field of a rotating charged conducting sphere

40



