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Electromagnetism

Magnetism: topics
Contents: 14. Magnetic dipole
1. Magnetic force on a current wire 15. Magnetization and Polarization
2. Hall effect 16. Magnetic circuit: torque and energy
3. Magnetic field of a line current 17. Electret and Magnet
4. ldem. Circular circuit 18. B- and H-fields at interface
5. Idem. Circular solenoid 19. Toroid with air gap
6. Magnetic force between currents 20. Induction: conductor moves in field
7. Why is the wire moved by Lorentz force? 21. Induction: Faraday’s Law
8. Ampere’s Law 22. Induction in rotating circuit frame
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1. Magnetic Force on a Current Wire

/ Suppose: total current =1 ;
-------- " cross section S variable

.............. ' 1j| = di/ds

- dl.e; j=nqv (n=# particles/md)

Lorentz force on one charge: F=qvxB
..... perunitof volume: f=ngvxB=)xB

..... ON VOlumMe dV : dF =jxB.dV
dF =j x B. dS.dl
j=])-eq dF =j.dS.e;xB . dl
dF=1.dlxB

Straight conductor in homogeneous field:
F=lexB/dl= F=ILexB

F pointing - plane of drawing
4
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2. Hall effect

' P  Suppose n charge carriers / m3

a | |

P o 0
‘ )

|
ﬁ

o

G

B-field causes deviation of path of charge carriers
Build up of electric field E,, between Q and P: Q+ ; P-

Stationary case: F 5, = Feee = VB =qE.y,
IB

Withj=ngv=1/(ad) = E..,,=VB=

) IB -
Hall potential * Viian =VA —Vo = Epann.d = —  Vhan B
P Hall =7Q — 7P = =Hall nga magnetomgter
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-3. Magnetic field of a line current

| e, xe,

Biot & Savart: dB=~? —dI

A 1

Question: Determine B in P

Approach: Current line elements dli

. Hl 1 R
Nvar=z: dB=
() dr R*+7° JR? + 72

Integration over z from -oo to +oo

dz

@var=6: dB=tol 1 g R4Y
A47r R°sSIn"° 0 SIn“ @

Integration over & from 0 to &, with z/R =-tan 6

FdM

/' Calculation: erxe, =¢€y;
tangential component only: dB

4B — Ll siné dz

A r?

Result :

|
B, = o e,
271R
B ~ 1/R: cylinder symmetry




4. Magnetic field of a circular circuit

dl

R I
P
dl =dl. e;
I
o P

FdM

Biot & Savart: dB =%

| e xe,

4

Question: Determine B In P

Approach: Current line elements dl

ol ¢ 1
dB. = dlcosa
Y Ax frz

Calculation: e;xe =1;
symmetry: y- component only:

r

2

dl

@B, =t L RN
4z r”+R rp2+R2
n)
Z(rpz + Rz) 2 7



5. I\/Iagnetic field of a circular solenoid

Radius: R ; Current |
Length: L
\\\\ i Colls: N, or per meter: n
Question: Determine BiInP
Approach: Solenoid = set of circular circuits ;

and for each circuit: n Ml R? r, Is distance

= € from circuitto P
" Z(r +R)3’2 !

~.(n1.dy).R?

7/
Each circuit: strip dy; currentdl = n.dy.l B = j s e,
dy - 0 2(r + R )3
L 5 YooY Result for L — oo
‘ ’ y —
O y ! » P B=ynle,
Yo " Result independent of R, L
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6. Magnetic forces between currents

1

IfL=L, -

FdM

'

2
L B 4
€ X€yy
1—>2

Question: determine F,_,,
(force exerted by 1 on 2) :

Relations:
I
BZ;:-R e0 : e0:eTXer
dF =1dIxB ; di=dle
................ Calculation

Holy
Bl—>2 — 86,1

27,

F_,, :j l,e,xB,_,,.dl,

N
F, ., = /1012L(e)

— _erl 27T Th,

i = If currents have same direction:
2-1 force attractive



7. Why Is the wire moved by Lorentz force ?

(since inside the wire only the conduction electrons move,
and not the metal ions)

Conductor:
- fixed ion lattice,
- conduction electrons

Magnetic field B
1 plane of drawing

Hall effect: concentration of electrons (-

charge) at one side of conductor == = }' ===
|:E
Lattice ions feel a force F¢ upwards i
This force (= F_ ) is electric !! 10
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8. Ampere’s Law (1)
T | Long thin straight wire; current |

Question: Determine the
| “Circulation of B-field” B ed|

CD along circle |
€o

With Biot &Savart: B = Ho e,
27F

§B odl = 'e e, dl = ol 5
27 27

§B odl =, : Ampere's Law

Ll
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8. Ampere’s Law (2)
tl §Bodlzyol : Ampere

Question: Determine the
“Circulation of B-field” § Bedl
along circuit c

§B-d| :§B.r.d9:g—;: r.2r

and again : §B-d| = 14|

Consequences:
=r.dé 1. More currents through c add up
2. Currents outside ¢ do not contribute ;
3. Position of current inside ¢
IS not important.
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9. B-field from a thick wire

Cylinder: radius R Bedl = 1l = o dS
current: 1= [[ jeds }f Ao ﬂoLjJ‘
S

Options for current:
|: at surface Il: in volume

| Use Ampere-circuits (suppose: homogeneous)
(radius r):

r>R| B(r).2zr = u,l B(r) :ﬂ—ol
27
r<R| (1):B(r).2zr=0 B(r)=0

2

- = Hr _ Ml
< i > (11): B(1).2a1 = o) "2y |B(r) =221

207 1 1& 11

13

FdM 0 R r



10. Magnetic Induction of a Solenoid

Radius: R ; Current: |
Length:L >>R
Colls: n per meter

Components: B, B, B,

G
(?iﬁr B, : Gauss-box G: @y, =0
B (Dtop _(Dbottom — CI)wall_O — Br:O
- e
~LC . P B, : Circuit ¢ (radius r):

Ampere: B, .2nr=0 = B ; =0

B
‘ ‘ o] 2  B,: Circuit 2: B(a)=B(b)=0
Circuit 1: Ampere: B, I=gyn 1 |

B Result: inside: B =,nle,
b outside: B =0 14
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11. Symmetries for Ampere’s Law

§Bedl =gl = o[ jeds
| S

Wire, Solenoid, Plane, Toroid,
oo long co long co extending along core line

15
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db
area=db.dl

FdM

12.Magnetic Pressure

Question: why does a solenoid try to

dF_

maximize its cross section (“fitting flux”) ?

Plane layer L with current density j

B, B-field of the layer (circuit | ):
2B =) = B =2%4]¢,

Suppose we add an external
field B, , with B, = B, , so that the

total field behind the layer =0

Lorentz force on

. (F =l.L.er x B,):

dF, = (j.db).dl x Yz, j €,
dF, = Y, j2.db.dl €,

Magnetic pressure: P =Y, j2=Y2B.2 /1, .

Example: this situation is met at the wall of a (long) solenoid. Then
the pressure is outward, thus maximizing the cross section area.



13. Vector potential A
Electric (scalar) potential : E =—VV

Magnetic (vector) potential : B=V x A

e, €, &
E=- 8Vex+8Vey+8Vez B=|¢ ¢ @
OX oy 0z OX oy oz

Only the spatial derivatives of V and A are defined !

The absolute values of V and A can be determined
by Integration, but up to a constant (integration) term.

Therefore, only potential differences of V and A
between two points in space have a physical meaning !

One of these points may act as the “reference point”. 17
FdM



13. Vector potential A
Definitionof A: B=VxA

Question: determine AIn P
from Biot-Savart for B

KV = f(xyz Xy

v=~1(yVy,2),; j=1f(X,y,2') =Vx]=0

B — ﬂoj‘“]xerdv :f—;j\j‘;“jx(—v j ”J‘( jx]dv
Swap differentiation (=f (xyz))

u.dv =d(uv)—v.du _ My IR Y .
p el S )
Ar <, r
and integration (=f (x’yz")) :

_ J 4.,
:B:V{f_;jﬂ%dv} A:f—f,fvﬂ?d"

FdM
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13. Vector potential A

J><€
I,.2

general: B =Z‘—;J‘J

i i | |
circuit : B = £ §e—;dl — A=1h
r 47

472' loop

Helpful relations:
§A-d|=”(V><A).d8=”|3-d8=cb
C S S

With VxB=VxVxA=V(VeA)-V*A
and VeA=0 = V°A=—yu,]

NB: electric potential : V& =—£
€0

av = A= Lo Wr_izdv-

dl
r

loop

Circuit c encloses
areas
Stokes’ relation

Poisson’s
equations

19



13. Vector potential A : examples (1)

general: B = ﬂo ”_"Jxerdv = A_“0 ”_[Jdv

circuit:B:”—‘”§—;d| — A:/‘_OI ﬂ
r

ar loop 47 loop r
Wire, A
radius R, Integration of 1/r to In( r) leads to TT
o0 |Ong result — oo. ——
Therefore, point r=R is used as the l"R 0 R*l

reference (value set to 0).
il
] !
Plot: A(r)/ 05
B Q [l /o]
0 1 2 3 4

-0.5
-1
-1.5

r/R
FdM



13. Vector potential A : examples (2)

general: B = ”O ” > erdv = A_’uO _[”Jdv'

circuit:B=”—°|§e—;dl = Azﬂ—ol ﬂ
7T Ioopr 472. loop r
Sheet
long and wide
B Result: (c = const. [A/m])
j=ce,

B=+%p,Ce,
A= Y%, clz| e

A-values with respect to
reference at z=0.

used : Stokes :

X - ’
~ ¥ R fAedi=[[(VxA)edS=[[BedS=a
A S ‘/ ‘/, . S S
T in a rectangle with sides // X- and
Z-axes
21
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13. Vector potential A : examples (3)

.o _ Mo jxe. ., My J o
generaI.B_47zU " dv' = A_EIVHFO'V
B
Solenoid,
radius R,
w

o long

circuit:B:/“l—Ol§e_;d| N1} dl
4 7 ¥ 4 r

loop loop

FdM



13. Vector potential A : examples (4)

general : B = ”0 H J><erdv = A_’uO _[”Jdv

Circle circuit

titeta

.. |
C|rCU|t:B=”L§—;dI —
r

loop

A
g

{\ —
\Qt

FdM

CE

Example:
Singlecoil, R=20cm, I=1A

a_tsl ¢l

472. loop r
NB. Since A is a vector,
A does not form
equipotential planes, as
with electric V , with
planes.- E (E=-VV)

Equi-"modulus” planes of
A have a donut-shape
with the coil as central
line.

A is directed tangentially
along the donut-surface.




13. Vector potential A : examples (4)

A -FIELD OF A SINGLE SOLENOIDE
Afz)-component, normalised on 100 at A = 7.01595E-007 NfA

Example: Single coil, R=20cm, I =1A

50— 8 8 8 8 8 8 8 7 7 7 7 6 6 6
8 9 9 9 9 8 8 8 8 7 7 7 7 i 6 6
- 9 9 9 9 9 9 9 9 8 8 8 7 Cross section In @
i e L L T 10 10 ¢ 9 s 105 8 XY-pl f |
- 11 11 11 11 11 11 TE R i s E 9 8 -piane o ;
2 B o5 | 1~ Al "donut”
— 14 14 14 : 10 10
15 16 16 5 11 10 10 9 8 7
— 18 18 19 ; 12 11 10 8 8
e 11 21 ; 13 12 11 8
30— 23 24 25 : 14 13 11 10 8
27 29 30 : 15 13 12 10 8
- 3 35 : 16 14 12 11 8
36 ; 16 14 12 11 8
- 4 66 i 17 14 13 11 0 8
44 : 17 14 12 9 8
— 43 5 17 14 9 8
38 ; 8 7
— 33 ! ; 9 8 7
28 31 32 : 9 8 7 ;
10— 22 24 25 : 8 7 6 5
TS TS ran ; 7 & 5 4
— 13 14 14 \ 5 4 4 3
8 9 9 : 3 .
I 4 5 5 , dymmetry axis
2 o . ; 2 2 2 &
— -4 -4 S : -2 -2 -1 -1
-8 -9 9 ! : -3 -3 -3 -2
= -13 14 T 12 S T3 e -9 -8 -7 -6 -5 -4 -4 -3
-18 -19 200 120 -19 -18 -16 14§ -12 . -9 -8 -7 -6 -5 -4
022 24 25 |t -5 24 22 20 -8 | -15  -13 N'B 7 By
| | 1 | I| ||I| |I 1 | | I | 1 1 | I | | 1 | | | | 1 | | | | 1 | |
-15 -10 -5 0 5 10 15

¥-axis (symmetry axis) / cm
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13. Vector potential A

Applications of the vector potential: examples:

 time-dependent fields: E=-VV —%‘

 electromagnetic waves

 dipolar radiation

 antenna design

* light (and other EM-waves) scattering and transport

 (e.g. refraction / reflection)

25



14. Magnetic Dipole (1): Far Field
B= ﬂo” Jxe dv' : Biot & Savart B=VxA

= A= ﬂj”idv In general,

and A = o § —dl for a circuit

472. Ioop

Circuit with current |

Point P outside the circuit

Goal: expression for Ain P : A= 1(rp)
Instead of A=1(+")
for all »’-values in the circuit

FdM



FdM

14. Magnetic Dipole (1): Far Field

. | ¢dl
~P  Vector potential : A=o fd
A 7 r

Goal: expression A =T (rp) in stead of
A =1 (r’) forall »’-values in the circuit

E _ 1 cosine

' ' rule
Jr2+r2-2r,r'.cos g

E . ~ L |:1+LCOS¢+ ..... higher powers of L}
r ) r re re re
' 1"‘(} —2—COs@ (will be neglected)
I re
Thus: A, + § r'.cos ¢.dl
I\/Ionopole-term Dipole-term -

=0
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14. I\/Iagnetic Dipole (2): Dipole Moment

A —
F)47z'r

dl, =R.dea.(—cosa)

Assume: circular circuit,
with radius R <<,

Calculate: A inPinYZ-plane

0 Y -Rsina
r'.cosp=e, or'=|siné | + Rcosa
cos @ 0

= RsIn 8cos«

Symmetry: A will have an X-component only,
and thus dl as well.

A = ”OIZ f(Rsin 6 cosa)(R.da)(—cosa) =
4,
= ﬂolz R sin Qif—cosza.da = ﬂolz R*sin 0.z
dnt, 4zt
A=A =0



14. I\/Iagnetic Dipole (3): Dipole Moment

Assume: circular circuit,
with radius R <<rp

Calculate: A inPinYZ-plane

_47zr

previous screen:

A = ﬂol2 §(R8in 6cosa)(Rda)(-cosa) =
Anr,

| _ I :
Lz R?sin ¢9§—C052 ada =L2 R*sin 0.

Anr, 47ty
A=A =0
Defme: dipole Tomeznt: A = Ho >Mmxe,
m=1. Area. e, = |7R“.e, A,

Ale ande, ;Alle,

FdM



15. Magnetization and Polarization

Magnet = set of “elementary v/ / // V=SL

circuits” ; n per m3

Total surface current = |, n
Total magnetic moment =1, Se, L S\
Def.: Magnetization M =  magnetic moment / volume =
surface current / length
Polarization Magnetization
Dipole moment: p [Cm] Dipole moment: m [Am?]
PolarizationP=np [Cm~] Magnetization M = nm [Am]

= surface charge / m? = surface current / m

30
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16. Magnetic circuit: Torque and Energy
b

......................

Ibsin@ =1B_,Ssin 8

ext ext

Torgue: moment: 7= F.bsin =18

Magnetic dipole moment: m=1Se,

Torque: moment: z=mxB NB. Electric dipole: 7= p X Ey,

ext

Potential energy: min for 6=0; max for 0 == =

Potential energy: E,, = -mB,. cos = -m. By,

NB. Electric dipole: E,,, =-p . E

t
FdM ex
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17. Electret and Magnet

I

Electret

E = (D-P)/ &,
D= gE+P

§E.d|=o
f{Deds=Q; =0

Magnet

H=B/u-M
B=y,H+M

fHedl=1,=0
ﬁB-dszo

M

1l

3 = Gauss box

e A
e /\ /\.:.D/\
| 1 ]‘4
Vv v $ v
##ll; ¢I1T v
VvVt Ut N
‘u I-‘I,\ r/\:'j/\w
! Ll#i v] v
»«#l*, iIAA\ y
\11\/ AR I V4




18. B- and H-fields at interface

Given: By ; 1y ;5 14

1
@4

Question: Calculate B,

Needed: “Interface-crossing relations™:

Hedl=1, _ and BedA=0
B, o § | ﬁ
o ’) RelationHand B: B =y, 1, H
Gauss box . B;.Acos ¢ - B,.Acosa, =0 = B;, =B,,
Circuit: » 1:nol: H; Lsin g -H,Lsina,=0 = H;,=H,,
B, 1 A B 1 A M tan ¢,
H, tangy, L H, tana, L u., tanea,

En lana
e, tana, 33

NB. For dielectric materials:

FdM



19. Toroid with air gap

Suppose:
Core - toroid solenoid: R, L, N, z, ;
line; -airgap, & =1, width d <<R;
radius R g = gap ; m = metal
tength L Question: Determine H, in gap
Relations: {H edl =1, B = s,u H
ﬁ BedA=0
Hgd+Hm(L-d):N|
Bg =B,
Bg:zung ) Bm —Hoky Hm
Result: |, _ 4N and H _Hy
This is the technical magnetic P L+d(g ) "o
analogon of the homogeneous
electric field in an ideal capacitor NB. In gap: Hg ~ W, N. 34
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20. Induction: conductor moves In field

Suppose: circuit L moves with
velocity v through field B

L, (t
10 Question: Show equivalence:
d
L, (t+dt) vind=§E-d|:—ajjB-ds
L S

Sy
LA
vV dl Gauss box: top lid S; in L, att,
V.d@ bottom lid S, in L, at t+dt
f{Beds=0= [[ =-[[ - [[ =-00)+®(t+dt)=db(t)

Area =v dtdl sing wall top  bottom

dot) = || - |[Bee,[v.dtdl.sin 6]=§ Be(v.dtxdl) =dt{—(vxB)ed

wall wall L

dd(t E,, = non-electrostatic field;
:%:§_(VXB)°C“ :+§ E, edl Circuit closed by load

t L L (e.g. voltmeter or resistance)
FdM



21. Induction: Faraday’s Law

S L,

Static: ¢Eedl =0 |nd

Dynamic: Suppose @ changes =

Vigz0=> ~ _ dd d
Non-electrostatic field Ey Ving _§EN edl= dt dt H BedS

Consequence: Let circuit ¢ shrink, while keeping S constant.

For closed surface :
odl =0=>@gBedS=0
S S Jeamosfeso

FdM



22. Induction In rotating circuit frame

axt

e
O=wt :v=w¥%bh "

Induction potential difference :

(I) Using Lorentz force: Vina = f E\ edl= §(V>< B,.)edl =
‘ =En 2IlvB,_ . sin @ = 2IvB_. sin ot

ext ext

(I1) Using flux change: y __d® :_E” B eds=-B.. L [bcoss] =
dt dt dt

B.. lIbwsin wt=2B_. Ivsin ot

ext ext

FdM



23. Electromagnetic brakes

Why is a conducting wire decelerated by a magnetic field?

Case |: switch open

Electrons feel F_

Potential difference Vp, 1 P -,
Q + (= Hall effect)

F, counteracted by F¢
until F| = F¢

NN

? o
AN

w | %
£ \'i\\
N W

Case Il: switch closed

F, moves electrons: v, ,
which causes land F, ,

which causes electric field,

which will act on positive
metal ions: F. ... >

ions*

brake on = deceleration

FdM



24. Coupled circuits (1): M and L

\ 1 Suppose: circuit 1 with current |,
~_ /2v Part of flux from 1 will pass
o Ill through 2 : @,
;- ( | Dy, ~ 1y

/ Ul o Definition: ®,,=M,,.l,

M : coefficient of mutual induction : “Mutual Inductance ” :
[H]=[ NATmim2A1] =[ NmA~<]

Suppose: Circuit 2 has current as well: I,
Flux through 2: ®,= ®,;, + ®,, =M, |, + M, |,

M,, =L, L : coefficient of self-induction “ (Self) Inductance ":

M and L are geometrical functions (shape, orientation, distance etc.)
39
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24. Coupled circuits (2): toroid

— rf—o .
N, | Question: determine induction

(e ////4// coefficient of 1 in 2:

mutual induction M,,

Cross
section S

Core line: L
Flux from 1 throughS: ®¢=BS = g5 14, N; I; S/ L

Linked flux from 1 through 2: ®,; = N, ®¢ = 25 24 N; N, I; S/ L

Coefficient of mutual induction: M,; = 5 24 N; N, S/L

This expression is symmetrical in 1 and 2: M,, =My,

This result is generally valid: M;; = M;;
40
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25 Coax cable : Self inductance

Ak

Radii: a and b (a<b)
Length: |
Current: | ; choice: inside = upward

Ampere: B(r) = Hott ]
i Gauss B-field tangential 27t
Loy e surface

Flux through circuit:

D, jjB-ds jdlj“oﬂf dr _“Og‘;z' ' g

Self-inductance (coefficient of self-induction): per unit of length:

L = Hotr In E (Compare with capacity of C_o In b -t
27  a coax cable, per meter: —<7®oer| Ty

NB. In oscillator circuits (L and C in series): frequency w: w2 =LC =gy &, o, 1°
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(8

Compare: electric energy: Ex=3[[[DeE dv

26. Magnetic Field Energy

,...--j;::::\

Assume: currents may be everywhere in space.

Example: 1 circuit ¢ in XY-plane

H (B)-field: closed curves - circuit.

Magnetic power: d.Z /dt=
=V, 1 = (d&/di). | = L (dI/dt). |

E,=31ffBedS{Hedl=1[[[BeH .dSedl=
c V

m

Y Magn.Energy: £ =% LI2=% @ |

Space = volume of “tiny” Gauss
boxes, with normal // H (or B).

cp:ﬁB-ds ; |=§H-d|
S

S

:%ijBoH dv



2°7. Maxwell’s Fix of Ampere’s Law
Induction : iEn odl = —%_U BedS  Changing B-field causes an E-field

Question: Does a changing E-field cause a B-field ?

Suppose: chargeing a capacitor using |
T{\ L encloses S; : §B'd|=,uoﬂj-d8
L S,

L encloses S, : §B odl = ,uo_” jedS
| L :

\Volume enclosed —ﬁjodS=—de :_EJ'J'D.dS

by S, and S;: s dt dt
d
L encloses S, : iB°d|=,uoa_gD0dS

In general : §B-d| =/1ﬂj0d5+y%_”D0dS 43
L S S

FdM
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2’7. Maxwell’s Fix of Ampere’s Law

Induction : iEn odl :—CclithodS

Maxwell : §BodI:ij-dS+y%HDodS
L S S

rEEEE

A changing B-field causes A changing E-field causes
an E-field around itself a B-field around itself

N~~e_

This is the starting point for self-propagating

ELECTROMAGNETIC WAVES

(see presentation about Waves) v



